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Equation of state and Kosterlitz-Thouless transition temperature in two-dimensional
Fermi gases: An analytical approach
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We study Fermi gases in two dimensions at low temperatures with attractive interactions. Analytic
results are derived for the equation of state and the Kosterlitz-Thouless transition temperature as
functions of the two-body binding energy and the density of the gas. Our results for the equation
of state and the pressure of the gas strongly deviate from the mean field predictions. However, they
are in reasonable agreement with Monte-Carlo calculations and recent experiments with cold atomic
gases.
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I. INTRODUCTION
In the last years ultracold two dimensional Fermi gases
have attracted a lot of interest. One reason is the assump-
tion that pairing of fermions in two dimensions can help
to explain unconventional superconductivity. Already in
the 1980s, the two dimensional Fermi gas has been stud-
ied theoretically with a mean field approach based on the
famous BCS theory and the BCS-BEC crossover in three
dimensions [1, 2]. In 3D, the BCS-state evolves to a su-
perfluid BEC of tightly bound molecules by tuning the
scattering length from negative to positive values.
The BCS-BEC crossover in two dimensions differs fun-
damentally from the 3D case. In 3D, in the BCS-regime,
fermionic pairing is governed by a many-body order pa-
rameter of Cooper pairs, while a two-body bound state
is lacking. Contrary, in 2D even in the BCS-regime, a
two body bound state exists, which significantly influ-
ences the physics of the system. In the BEC-regime in
3D, the tightly bound molecular pairs form the order
parameter of a superfluid BEC of molecules. In 2D, a
molecular BEC can strictly form only at T=0. How-
ever, a superfluid with an algebraically decaying corre-
lation function can form at finite temperatures below
the Kosterlitz-Thouless (KT) transition temperature [3].
The superfluid order parameter follows from the phase
of the wave-function of the molecular gas and the ap-
pearance of vortex-antivortex pairs. Although in 2D
fermionic pairing and the BCS-BEC crossover are fun-
damentally different, we keep using the expressions BCS
and BEC for comparisons and discussions throughout the
paper. The evolution of fermion pairing from three to two
dimensions has been investigated experimentally in [4].
The equation of state at zero temperature for the BCS-
BEC crossover in two dimensions has been determined
with a fixed-node variational Monte-Carlo calculation [5].
The results deviate even qualitatively from the mean field
approximations. Two recent experiments with trapped
cold atoms are in good agreement with the Monte-Carlo
calculations [6, 7]. The BCS-BEC crossover in 2D has
been also investigated recently in [8] experimentally and
with a Luttinger Ward theory. Further recent theoreti-
cal studies on the equation of state in the 2D BCS-BEC
crossover are [9–11]. A Monte-Carlo calculation for finite
temperature is given in [12]. Additionally, spin imbal-
anced Fermi gases in two dimensions has been investi-
gated in [6].
The KT-transition temperature for a Fermi gas has
been calculated in [13]. In the molecular limit the KT-
temperature should converge to the KT-temperature of
the weakly interacting Bose gas [14, 15]. Recently, the
equation of state at finite temperatures and the KT-
transition temperature have been obtained numerically
with a Luttinger-Ward model [16] and with Gaussian
fluctuations beyond mean field [17]. Experimentally, the
KT condensate has been investigated in [18].
However, the derivation of an analytical expression for
the equation of state, which is qualitatively valid through
the whole crossover, is still lacking. From such an expres-
sion one can simply derive thermodynamic quantities like
the chemical potential or the pressure of the gas. There-
fore, the goal of this paper is to provide an analytical
model for the two dimensional Fermi gas with attrac-
tive interactions. We derive simple expressions for the
equation of state at zero temperature and the KT tran-
sition temperature as functions of the two-body binding
energy ǫB and the density of the gas n. We validate the
model by comparison with Monte-Carlo calculations [5]
and cold atom experiments [6, 7].
II. EQUATION OF STATE
As stated in the introduction, the mechanism of
fermionic pairing is fundamentally different in a two di-
mensional system. In 2D, a many body system is signif-
icantly influenced by the two-body physics, and in par-
ticular the two-body bound state. Therefore, we choose
an approach based on two-body scattering, where many
body effects only enter approximately by excluding all
intermediate states below the Fermi surface. This ap-
proximation is implemented in the Bethe-Goldstone in-
tegral equation [19]. It is known from nuclear physics
[20–22] and has been successfully used in the context of
Brueckner-Hartree-Fock theory in condensed matter sys-
2tems [23], e. g. for the Fermi-Polaron [24–26] and the 2D
electron gas [27].
We consider a Fermi gas with an equal number n/2 of
two sorts of particles, | ↑> and | ↓>, interacting attrac-
tively at zero temperature. The Bethe-Goldstone integral
equation for the reaction matrix G can be written as [22]
G(ki,P,kf ) = V (kf − ki) +
∫
dk
(2π)D
V (|kf − k|)×
Q(k)
Ei(P,ki)− E(P,k)G(k,ki,P)
(1)
Here ki, k and kf and are the initial, intermediate and
final relative momentum of the two interacting particles.
Ei(P,ki) and E(P,k) are the initial and intermediate
energies. P is half of their center of mass momentum
and V (k) is the Fourier transform of the two-particle
interaction potential. Q(k) is the Pauli operator, which
guarantees that the momentum of intermediate states lies
above the Fermi surface. If |P+k| > kF and |P−k| > kF ,
then Q = 1 otherwise Q = 0. Here kF =
√
2πn is the
Fermi momentum and n is the total density of the gas.
In Eq. (1) only ladder diagrams are summed.
The interaction energy follows from the mean value of
the reaction matrix ǫint = 〈G(ki,P,kf )〉. The energy
per particle is then given by E/N = EFG/N + ǫint/n,
where EFG/N = ǫF /2 is the kinetic energy of the ideal
Fermi gas and ǫF = k
2
F /2m is the Fermi energy.
The interaction is characterized by an attractive short-
range potential of arbitrary shape. We can express the
potential in terms of the two-particle scattering ampli-
tude f , which obeys an integral equation similar to Eq.
(1), but with Q = 1 (Lippmann-Schwinger equation).
Replacing the potential by f renormalizes Eq. (1) with
respect to ultraviolet divergences and we obtain [28]
G(ki,kf ,P) = f(ki,kf ) +∫
dk
(2π)D
f(ki,kf − k) (Q(k) − 1)
Ei(P,ki)− E(P,k) g(k1,k2,k),
(2)
where f(ki,kf ) is the off-shell scattering amplitude.
Typically, the momentum transfer is small ki ≈ kf and
the main contribution from the integral comes from small
values of k. Thus, we can approximate the off-shell scat-
tering amplitude by the on-shell scattering amplitude
f(ki).
Then the reaction matrix does not depend on the final
momentum kf and Eq. (2) can be written as
1
G(ki)
≈ 1
f(ki)
−
∫
dk
(2π)D
Q(k)− 1
Ei(P,ki)− E(P,k) (3)
We further assume that initially every two Fermions with
opposite momenta are paired on the two-body level with
binding energy ǫB < 0 [31] and P = 0. Then the energy
denominator simply reduces to Ei(P,ki) − E(P,k) ≈
ǫB − k2/m. For the case of a bound state the scattering
amplitude has a pole, such that f
(
ki =
√
mǫb
)−1
= 0.
The Pauli operatorQ(k)−1 limits the integral to k < kF ,
which reflects the effect of the background Fermi gas on
the two body scattering. The reaction matrix in 2D is
then simply given by
1
G(ǫb)
≈ −
∫ kF
0
dk
2π
k
|ǫb|+ k2m
= −m
4π
ln
[
1 +
2ǫF
|ǫb|
]
. (4)
The interaction energy follows from the mean value of
the reaction matrix which reduces at T=0 to ǫint =∫
ki<kF
dki
(2π)2
∫
kf<kF
dkf
(2π)2 G(ǫb, ǫF ). This leads with Eq.
(4) to an analytical formula for the equation of state [33]
E
N
≈ ǫF
2
− ǫF
ln
[
1 + 2ǫF|ǫb|
] . (5)
In the limit of weak interactions, i. e. |ǫb| → 0, we have,
as expected, E → EFG. In the opposite limit, |ǫb| ≫ ǫF ,
we obtain the interaction energy ǫint ≈ ǫB/2 − ǫF /2.
Thus, the total energy per particle converges to half of
the molecular binding energy E/N ≈ ǫB/2 [32]. This is
the expected result, because in this regime the gas con-
sists of strongly bound molecular bosonic pairs. The fer-
monic character and hence the density dependence van-
ish. Since our approach starts from two-body scattering
of the fermions, the interaction between bosonic pairs
is lacking. However, our theory shows, that the sys-
tems behaves completely bosonic for |ǫb| ≫ ǫF . Thus,
in the molecular limit the theory of weakly interacting
Bose gases should be used [5].
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FIG. 1: Main: Comparison of the energy per particle from
Eq. (5) as a function of the two-body binding energy ǫb with
the Monte-Carlo data from [5]. For the comparison we in-
troduced the 2D scattering length a2D = 2~e
−γ/
√
mǫB [5].
Inset: Energy per particle with ǫB/2 subtracted.
Fig. 1 shows that our result Eq. (5) is in reasonable
agreement with Monte-Carlo calculations [5]. Recent ex-
periments [6, 7] confirmed already the Monte-Carlo re-
sults. The inset shows the deviations in the molecular
3limit, following from the fact that interactions between
bosonic pairs are neglected.
Note, that our result Eq. (5) is in some sense universal,
since it does not depend on the particular shape of the
interaction, but only on the two-body binding energy.
From Eq. (5) we can now easily derive an expression
for the chemical potential. At zero temperature it is de-
fined by µ = ∂E/∂n and we obtain
µ
ǫF
≈ 1− 2
ln
[
1 + 2ǫF|ǫb|
] +
2ǫF
|ǫb|(
1 + 2ǫF|ǫb|
)(
ln
[
1 + 2ǫF|ǫb|
])2 .
(6)
Knowing the chemical potential and the energy per
particle one can also obtain the pressure of the gas at
T = 0. From the Gibbs-Duhem relation P = nµ− E/V
we obtain
P
PFG
≈ 1− 2
ln
[
1 + 2ǫF|ǫb|
] +
ǫF
|ǫb|(
1 + 2ǫF|ǫb|
)(
ln
[
1 + 2ǫF|ǫb|
])2 ,
(7)
where PFG = πn
2/2m is the pressure of the ideal Fermi
gas.
The pressure has been measured in [6] and [7]. It was
used for a comparison between theory and experiment.
Eq. (5), Eq. (6) and Eq. (7) can be found already in the
appendix of [6] derived from the polaron model [25] with
intuitive arguments.
Fig. 2 shows that our approach, Eq. (7), is in qualita-
tive agreement with the experimental results. Remind,
that contrary to the experiments we consider a homoge-
neous density and zero temperature. Moreover we ne-
glect interactions between bosonic molecules. Therefore
an exact quantitative agreement is not expected.
III. KOSTERLITZ-THOULESS TRANSITION
TEMPERATURE
The two dimensional Bose gas belongs to a class of sys-
tems, where topological long-range order occurs at suf-
ficiently low temperatures [3]. The Kosterlitz-Thouless
temperature TKT is defined as the temperature of the
phase transition, above which long-range order and hence
superfluidity disappear. For the superfluid Bose gas it
satisfies the self-consistency equation [3]
kBTKT = π~
2ρs(TKT )/2M
2, (8)
where M is the boson (dimer) mass (M = 2m) and ρs is
the superfluid mass density. The superfluid mass density
is approximately determined by using the expression for
the normal density [29]
ρn =
~
2
2π
∫ ∞
0
−∂nF
∂ǫk
k3dk (9)
-2 0 2 4 6
log[kFa2D]
0
0,2
0,4
0,6
0,8
1
P 
[P
FG
]
Eq. (7)
Experimental Data [7]
Experimental Data [6]
FIG. 2: Comparison of the pressure of the gas from Eq. (7)
as a function of ǫB (red line) with the experimental results
from [6] (black dots) and [7](blue diamonds). For consistency
we used the 2D scattering length a2D = 2~e
−γ/
√
mǫB [5] as
introduced in the caption of Fig. 1.
and ρs = ρ− ρn, with nF (ǫ) = (1 + eǫ/T )−1.
At low temperatures the superfluid density is almost
constant, until it jumps at the KT transition temperature
to zero. Therefore we approximate ρs(T ) ≈ ρs(T = 0)
and neglect self-consistency. At zero temperature the
derivative of the Fermi distribution function approaches
the delta-function limT→0(−∂nF (ǫ)/∂ǫ) = δ(ǫ− ǫF ). For
the crossover ǫF is replaced by the chemical potential
µ from Eq. (6) in the spectrum of fermionic excitations.
Then Eq. (9) reduces to ρn/ρ ≈ µ/ǫF for µ ≥ 0, and zero
otherwise. As expected, this expression gives ρn = ρ for
the non-interacting Fermi gas, where µ = ǫF , such that
superfluidity does not occur. With increasing interaction
µ, and hence ρn, tends to zero. Introducing this into
the KT-equation (8), we approximately obtain the KT-
transition-temperature as a function of the Fermi energy
and the two-body binding energy
kBTKT =
1
8
[ǫF − µ(ǫF , ǫB)] , (10)
where µ ≥ 0 is given by Eq. (6). In the molecular regime
Eq. (10) yields kBTKT =
1
8ǫF as expected from [13].
In our approach collective bosonic excitations are lack-
ing, because interactions between bosonic pairs are ne-
glected. These collective excitations decrease TKT in the
molecular regime. In this regime, where ǫB ≫ ǫF , the
transition temperature is basically given by the one de-
rived for the 2D Bose gas [14]. Fig. 3 shows TKT as a
function of the binding energy in units of the Fermi en-
ergy. In the diagram we used Eq. (10) for ǫB ≤ ǫF and
the expression from [14] for ǫB > 5ǫF . Fig. 3 shows, that
somewhere between these two regimes, when ǫB ≈ ǫF
there should be a maximum. However our approach is
not accurate enough to give a quantitative answer, where
this maximum appears.
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FIG. 3: KT transition temperature as a function of the two-
body binding energy ǫb. For ǫB ≤ ǫF the figure shows Eq.
(10) and for the BEC-regime ǫB > 5ǫF the expression from
[14]. For consistency we used the 2D scattering length a2D =
2~e−γ/
√
mǫB [5] as introduced in the caption of Fig. 1.
IV. CONCLUSION
In conclusion, we provide an analytical approach for
the Fermi gas with attractive interactions. We have de-
rived analytical expressions for the equation of state and
the KT transition temperature. Our results depend only
on the density of the gas via the Fermi energy and the
two-particle interaction via the binding energy. We val-
idated our results by comparison with published results
from numerical calculations and experiments. We believe
that this paper can help to increase the understanding of
the BCS-BEC crossover in 2D Fermi gases. Further ther-
modynamic quantities can be derived from our results.
Moreover, the analytical expressions could give guidance
for future experimental and numerical research on 2D
Fermi gases. In the next steps one could systematically
include the trap, finite temperatures and the interactions
between bosonic molecules. It would be interesting to
test the approach and the results from this paper for
other types of interactions or ultracold gases in lattices.
The question, whether the approach and the approxima-
tions lead to reasonable results in 1D or 3D Fermi gases,
could be also studied in future investigations.
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